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f^^ Abstract. Let B be a finite CW complex and G a compact connected Lie group. We sliow tliat tlie number of gauge 

^vj , groups of principal G-bundles over B is finite up to A„-equivalence for h < oo. As an example, we give a lower bound of 

the number of A„ -equivalence types of gauge groups of principal SJ/(2)-bundles over S**. 

_ 1. Introduction 

o : 

OA , Let G be a topological group and P be a principal G-bundle over a space B. A G-equivariant map P —> P 

covering the identity map on B is called an automorphism of P. The gauge group QiP) of P is the topological 
Li^ . group consisting of all automorphisms of P. 

Let us consider the following problem: how many homotopy types of Q{P) do exist for fixed B and G? For 
B - S'^ and G = SU(2), Kono fTT] has shown that there exist only six homotopy types of Q{P). More generally, 
r^ ' for any finite CW complex B and any compact connected Lie group G, Crabb and Sutherland show that that there 

C^ , exist only finitely many homotopy types of Q{P) in |4|. Moreover, they show that the number of homotopy types 

of Q{P) as //-spaces, namely //-types of @(P) is also finite. 

Stasheff" considered the concept of an A„-map 1.18.1 between topological monoids. An //-map between topolog- 
ical monoids is exactly an A2-map between them. Here, we can consider the more general problem: how many 
An-equivalence types, which we also refer as A^-types, of gauge groups do exist for fixed B and G? Especially, let 
QQ ' us consider this problem for any finite complex B and any compact connected Lie group G in case when n is finite. 

f^ , For n = 1 or 2, as stated above, Crabb and Sutherland show that it is finite. We will give a more general result for 

ON ■ n>3. 

cn 



> 






Theorem 1.1. Let B be a finite complex and G be a compact connected Lie group. As P ranges over all principal 
?^ ■ G-bundles with base B, the number of A„-equivalence types ofQ(P) is finite in case when n is finite. 

In general, the number of Aoo-types of Q{P) is not finite (§9). 

If we regard G as a left G-space by the adjoint action {g, x) i-» gjcg ', the bundle autP - P XqG with fibre G 
associated to P is a fibrewise topological group, namely, a group object in the comma category Top i B and the 
space /"(autP) of all sections of autP and Q{P) are isomorphic as topological groups. So to prove Theorem ll.il it 
?— ( ' is sufficient to show that the number of fibrewise A„-equivalence types of autP is finite. 

^ In §2, we review the terminology of fibrewise homotopy theory. In §3, we review associahedra and multipli- 

hedra. In §4, we review the definitions of fibrewise A„-spaces and fibrewise An-maps and see some fundamental 
properties. These notions are the fibrewise versions of A„-spaces iflTJI and A„-maps Q respectively. In §5, we 
show the classification theorem for fibrewise A„-spaces with fibre A„-equivalent to some fixed A„-space. In §6 
and 7, we treat the fibrewise localization of fibrewise A„-spaces. We see that the fibrewise rationalizations of au- 
tomorphism bundles are trivial. In §8, we complete the proof of Theorem 11.11 In §9, we show the existence of 
a counterexample to Theorem ll.il if we disregard the condition "n is finite" in Theorem ll.il In §10, we make a 
new observation of the gauge groups of principal 5C/(2)-bundles over 5"*. Especially, we give a lower bound of the 
number of the A„-types of such gauge groups. 

I am grateful to Professors Akira Kono and Daisuke Kishimoto for suggesting this problem and for many helpful 
discussions. 

2. Fibrewise spaces and fibrewise pointed spaces 

We follow the terminology introduced in Q used in describing the fibrewise homotopy theory. 
Let E and B be spaces. We say E is a fibrewise space over B if a map tt : E —> B, called the projection of E, 
is given. For each b e B, we denote Et, := tt '(^) and call Eh the fibre over b. The space B itself is regarded as 
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a fibrewise space over B with projection given by the identity map. Every space can be seen as a fibrewise space 
over a point with the unique projection. 

From now on, we always assume that all fibrewise spaces are Hurewicz fibrations. 

Let E —> B and £' — > B be fibrewise spaces. If a map f : E -^ E' satisfies n'f - n, then / is called a. fibrewise 
map over B. We denote / as the unit interval [0, 1]. Regard / x £ as a fibrewise space over B with projection given 
by composing n with the second projection I x E ^ E. Let f,g:E^E'he fibrewise maps. A fibrewise map 
/z : / X £ — > £' is called a fibrewise homotopy between / and g if /j|ox£ - f and /i|ix£ - g- If there exists such h, 
then / and g are said to he fibrewise homotopic. 

For fibrewise spaces E ^ B and E' —> B, the fibre product E Xg E' of E and E' is defined by 

£■ Xfi £" = { (e, e')eExE'\ n{e) = n'{e') }. 

We denote the /-fold fibre product of E by E^"' . 

Fibrewise mapping space map giE, E') between fibrewise spaces E and E' over the same base B is the following 
set with appropriate topology; 



map b{E, E') = U Map {Eh, E'^), 



beB 

where Map (Eb, E'i_) is the set of all continuous maps Et — > E'j^. This space is naturally a fibrewise space over B. 

In the remainder of this paper, we work in the category of fibrewise compactly-generated spaces, which 
is introduced in |8|. For a fibrewise space E over B, if E and B are compactly-generated, then E is fibrewise 
compactly-generated. Let E, E' and E" be fibrewise spaces over B and f : E Xg E' ^ E" be a function with 
^E"f - ^exbE'^ where tte" : E" ^ B and ttexbE' '■ E x^ E' ^ B are the projections. Then we define the function 
/' : £ ^ mapB(£',£") by /'(xXy) = f(x,y). 

Proposition 2.1 ((Proposition(5.6) in El)). Assume E and E' are locally sliceable ^. Then f is continuous if and 
only iff is continuous. 

If £■ — > B is a Hurewicz fibration and B is a CW complex, then E is locally sliceable. This criterion is sufiicient 
for our later use. 

A fibrewise pointed space E over B is a fibrewise space E —^ B with a section cr of n. Here, each fibre Et, is 
regarded as a pointed space with basepoint o-(b). The fibrewise space B over B is regarded as a fibrewise pointed 
space with the section given by the identity map. Every pointed space is a fibrewise pointed space over a point. 

Let B ^> E ^> B and B -^ E' —> B he fibrewise pointed spaces. A fibrewise map f : E -^ E' is a fibrewise 
pointed map if fcr = cr'. Moreover, if / is a homeomorphism, we say / is a fibrewise pointed topological 
equivalence. 

3. Review of associahedra and MULXiPLmEDRA 

We will review and construct associahedra and multiplihedra using the W-construction in ||2l since we will use 
the result of Boardman and Vogt in |2|. These constructions are equivalent to the original construction in |17| 
respectively in |7|. This fact is also stated in [5J. Here we remark that we do not consider the degeneracy maps of 
associahedra and multiplihedra. Because we do not need to assume that an A„-form has a strict unit. Details of this 
will be explained in the next section. 

First, we recall basic definitions about trees. 

Definition 3.1. A planted plane tree (see §2 of 11011 ) t is said to be an unpainted tree if each vertex in t is not 
connected to exactly two edges. For a planted plane tree t, let V(t) be the set of all vertices in t and define the 
subset 

L(t) - [v e Vif) I V is not the root and is connected to only one edge. ). 

A vertex contained in L{t) is called a leaf and a vertex which is not the root or a leaf is called an internal vertex. 
Similarly, the edge whose boundary contains the root is called the root edge, an edge whose boundary contains a 
leaf is called a leaf edge and an edge which is not the root edge or a leaf edge is called an internal edge. Moreover, 
if each internal vertex in an unpainted tree t is connected to just three edges, t is said to be binary. 

For a planted plane tree r, we give each edge the direction toward the root. Then, each internal vertex in r has 
some incoming edges and the unique outgoing edge. 
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Remark 1. For an integer n > 2, a binary unpainted tree with n leaves has just n — 2 internal edges. 

Definition 3.2. Let t be a planted plane tree. If each internal edge o/t is labeled by an element of I — [0, 1], t is 
said to be a metric tree. 




Denote the set of all binary unpainted trees with n leaves by T„. The space T^„ consisting of all binary 
unpainted metric trees with n leaves is topologized by T^„ = T„ x I"^^. Now we define an equivalence relation in 
T^„. For p, T e ry[„, remove all internal edges with length and unite the end vertices of each removed edges. 





ll 



Then we have the new (in general, not binary) unpainted metric trees R(p), R(t). We say p and t are equivalent if 
R{p) = /?(t). This relation defines the quotient space TC,, of T^„. For example, 'K2 is a point, "70? is a line segment 
and '7C4 is a pentagon. 

Let us define the grafting map. For p e T^r, t 6 T'^i and an integer 1 < k < r, we can make the new 
binary unpainted metric tree ^^(r, t){p, r) by identifying the root edge of r and the A:-th leaf edge of p, where this 
identification is compatible with the direction of edges and the length of the new internal edge is 1 € 7. 



52(3, 2) 





This defines a continuous map d^ir, s) : 'KrX'Kr —> 'Kr+i-\. These grafting maps satisfy the following conditions: 

dj{p, r + t- 1)(1 X dk{r, t)) = dj^k-iip + r - 1, r)(5//7, r) X 1), 

for k < j, dj^r-iip + r - ht)(dtip, r) x 1) = d^ip + t - l,r)idj(q, t) x 1)(1 x T) 

where T transposes the factors. Let £.„ be the union of images of these grafting maps in "TCi. Then TC,, is homeo- 
morphic to the cone C£.„ of Xn. Therefore, these spaces are Stasheff's associahedra in IfTTII . This implies that there 
is a homeomorphism (TC,,, £.„) ^ (D"^^,S"^^) for n > 3. 

In the above construction, if we replace unpainted metric trees by painted metric trees, then we can construct 
multiplihedra. We consider two types of edges of painted trees, say unpainted edges and painted edges. 
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Definition 3.3. A painted tree is a planted plane tree with edges labeled by the set { painted, unpainted } satisfying 

the following conditions: 

(i) each of its internal vertices is one of the following types: 

Type I: all incoming edges and the outgoing edge are unpainted. 

Type II: all incoming edges and the outgoing edge are painted, 

Type III: all incoming edges are unpainted and the outgoing edge is painted, 

where the number of incoming edges of a vertex of type I or II is greater than 1, 

(ii) all leaf edges are unpainted while the root edge is painted. 




w 




Type I Type II Type III 

A painted tree is called binary if the number of incoming edges of each internal vertex of type I or II is 2 and 
the number of incoming edges of each internal vertex of type III is 1. 



Y 



Type I Type II Type III 



For painted metric trees, we consider the following two types of grafting maps. 

Like unpainted metric trees, we can graft an unpainted metric tree onto a painted metric tree. For a painted 
metric tree p with r leaves, an unpainted metric tree t with t leaves and an integer 1 < k < r,we can make the new 
painted metric tree Sk(r, t)(p, t) by identifying the root edge of t and the A:-th leaf edge of p, where this identification 
is compatible with the direction of edges, the length of the new internal edge is 1 € / and each edge in Sk{r, t)(p, t) 
which comes from t is unpainted. 

Conversely, we can graft painted metric trees onto an unpainted metric tree. For an unpainted metric tree t 
with t leaves and painted metric trees pi, • • • ,p, such that each p, has r, leaves, S{t, ri, • • • , r,)(T,pi, • • • ,P() is the 
painted metric tree constructed by identifying the root edge of p, and the i-th leaf edge of r for each /, where this 
identification is compatible with the direction of edges, the lengths of the new internal edges are 1 € / and each 
edge which comes from t is painted. 



(5(2, 2, 1) 






It is not quite appropriate for our purpose to consider all painted metric trees, so we consider a new class of 
painted metric trees. For an painted metric tree t, let M(t) be the length of the longest internal edge in t. If t has 
no internal vertices, then define M{t) = 0. 

Definition 3.4. Level-trees are painted metric trees inductively defined as follows: 

(I) If a painted metric tree t satisfies the condition M(t) — 0, then t is a level-tree. 

(II) Let T be a painted metric tree with n internal edges such that M(t) > 0. Define a new painted metric tree f as 
follows: 

(i) f — T as painted trees, 

(ii) for each internal edge e C f, if the length of e in t is { e I, then the length ofe in f is {/M(t) E /. 

Iff — 6k(r, s)(p, o") for some level-tree p and unpainted metric tree cr or f — 6(r, si,- ■ ■ , Sr)(p', cr'j , ■ ■ ■ , cr'^) for 

some unpainted metric tree p and level-trees cri , • • • , cr^, then t is a level-tree. Here we remark that the number of 

internal edges in each of such level-trees p,cr'y,- ■ ■ , cr^ is less than n and can define level-trees inductively. 



Example 1. Consider painted metric trees ti, T2, T3 as the following figure. 
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Ti= 1/3 \ /2/3 ^2= 




13= 



\\j\l2 



(i) Since M(ti) — 2/3, fi is described as the following figure. 




V 



Hence tj is a level-tree. 

(ii) Since M(t2) = 1, f2 = T2 and f2 is decomposed as follows. 



• • 



12= 




1/2 \ /1/2 =,5,(2,1) 



V V 

\12yj\12 f 



As easily checked, the painted metric tree in the right hand side is a level-tree. Then T2 is also a level-tree. 

(Hi) Since M{t^) = 1, fs = T3. The painted metric tree fs, however, can not be described as any grafting of some 

painted metric trees and unpainted metric trees. Thus T3 is not a level-tree. 

Let TM„ be the set consisting of all binary level-trees with n-leaves. We topologize TMn by the embedding 



rM„c 



u 



It) X / 



xN(t) 



t: a binary painted tree 
with n leaves 

where A^(t) denotes the number of internal edges in t. Just like unpainted metric trees, we consider reduction of 
edges with length 0. For t e TMn, remove all internal edges with length and unite the end vertices of each 
removed edges. We denote this new level-tree by R{t). We say p and t e TMn are equivalent if R(p) - R{t) as 
painted metric trees. Let J'n be the quotient space of TMn by this relation. For example, Ji is a point, J2 is a line 
segment and J'^ is a hexagon. 

The grafting constructions define the continuous maps 6k{r, t) : STr x 'Ki —> J'r+t-i and 6(t, ri, ■ ■ • , r,) : "TC, x 
STri X • • 'J^r, -^ J'r,+--+rr Thcsc maps Satisfy the following conditions: 

6j(p, r + t- 1)(1 X dk(r, 0) = Sju-iip + r- l,t){5j{p, r) X 1), 
for k < j, Sj+,-i(p + r-l, t)(6k(p, r) x 1) = 6k(p + f - 1, r)(6j(p, t) x 1)(1 x T) 

5p,+...+p._,+k{p, r){S{t, pu ■ ■ ■ ,Pt)x 1) 
for /5i -\- ■ ■ ■ + p, - p and 1 < A: < rj, 

^6(t,pu ■ ■ • ,Pj-uPj + r - l,pj^u- ■ ■ ,p,)(l''J X 6k(pj, r) x I'^'-^Wj 



6(r + t- l,pi 



,/5m-i)(*(r,f)xl><^+'-i) 



^6(r,pi 



,Pk-i,Pk + ••• + Pk+t-uPk+ 



,Pr+,-l)(l'''xS(t,Pk, 



,Pk^,-i)x\x'-')T' 
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where the maps Tj andT^ are defined by T j{t,ji\,- ■ ■,7Tt,p) - (t, ;7ri,- ■ ■,nj,p,nj+\,- ■ -^nt) andr^Cp, r, ;7ri,- ■ -^nr+t-i) - 
{p,n\,- ■ ■,nk-uT,7Tk,- ■ ■,7T,+i-i). Let 'H,, be the union of images of these grafting maps in J'„. Then J'„ is homeo- 
morphic to the cone CH,, of "Hi ■ Therefore, J'„ is the «-th muhipHhedron constructed by Iwase and Mimura in [TJ . 
This impHes that there is a homeomorphism (J7«, 'Hi) - (£>" \ 5'""^) for n > 2. 

We compare the above constructions of associahedra and muhipHhedra with the IV-construction in {2]. Let ^ 
be the PRO of semigroups and Xi be the Hnear category ^ L In other words, ^ is the PRO such that J?[(0, 1) 
is empty and >?((«, 1) is a point for n > I. From the above construction, W^{1, 1) is a point, W^{n, 1) = '7C„ for 
n > 2, LW(^ ® -Ci)(n^, l') -ST,, for n > 1 and the compositions in these PROs are compatible with our grafting 
maps. 

4. FiBREWISE A„-SPACES AND FIBREWISE A„-MAPS 

We shall review fibrewise A„-spaces and fibrewise A„-maps. For any fibrewise space E over B, we will consider 
TCj X E and J'l x £ as a fibrewise spaces over B. 

Definition 4.1. A fibrewise space E over B is called a fibrewise A„-space (without unit) if a family of fibrewise 
maps [mi : 'K; X E^"' — > E}"^2' called a fibrewise A„-form ofE, is given and satisfies the following condition: 

fox xi e Eh,p e%.,T e%. mi{dk{r,t){p,T);xi,--- , a;,) = mr(p;xi, ■ • ■ ,Xk-i,mt(T;xk,- ■ ■ ,Xk+,-i),Xk+,,- ■ ■ ,xi) 

Let (E, {/«,}) and (E', {/«'}) be fibrewise A„-spaces over B. A fibrewise map f : E ^> E' is called a fibrewise 
An-map if there exists a family of fibrewise maps {f : J'l x is^"' — » E'}"^^, called a fibrewise A^-form off, such that 

for xi e Eh,p e J,-, t e %, 

fi(6k(r, t){p, t); xi, ■ ■ • , xi) = /r(p; xi, • ■ • , Xk-\,m,{T; x^, • ■ • , Xk+,-\), Xk+,, • ■ • , x,) 

for x/ € Eh,ps e JTr,, t" e %■ 

f{5{t,ri,--- ,r,)(T,pi,--- ,pt);Xi,--- ,X,) ^ m',(T;fr,(p;Xu- ■ ■ ,Xr,), ■■• ,fr,(fit;Xr,+-+r,-, + l,--- ,Xi)) 

A fibrewise A„-equivalence is a fibrewise An-map which is also a fibrewise homotopy equivalence. If there exists a 
fibrewise A„-equivalence between two fibrewise A„-spaces, then they are said to be fibrewise A„-equivalent. 

In particular, a fibrewise A„-space over a point is called an A„-space. The terms such as An-map etc. are 
similarly defined. 

Remark 2. (i) We do not suppose the existence of strict or homotopy units of fibrewise An-spaces. Because the 
author does not know whether the universal fibrewise An-space EniG) constructed in §5 has a fibrewise homotopy 
unit or not. Every fibrewise pointed space is a fibrewise Aoa-space by a trivial fibrewise A^o-form in the above sense. 
But we do not have any difficulties in showing Theorem \l.l\ with our definition of fibrewise An-forms. Because our 
definition of An-maps between topological monoids agrees with the definition in II18I . 

(ii) We do not require that fibrewise An-spaces are fibrewise pointed and fibrewise A„-forms preserve the base- 
point in each fibre. But even if we do, the following arguments are verified analogously. In that situation, some 
spaces are replaced by "based" ones. For example, the universal fibration is replaced by the fibrewise pointed 
universal fibration and the mapping space Map (G", G) in §5 is replaced by Map *(G", G), which is the subspace 
o/Map (G", G) consisting of maps G" ^> G preserving the basepoint. 

(Hi) Fibrewise An-spaces are exactly multiplicative functors from Q"W^ (see Remark 3.19 in [2\) to the category 
of fibrewise spaces in the sense of{T\. Similarly, fibrewise A„-maps are fibrewise level-tree maps between fibre- 
wise Q"W^-spaces. Here, we define Q"LW(^ (8 Xi) as the PRO-subcategory of LW(^ (8 -£i) generated by the 
morphisms of LW{^® Ji\){i,k), i : [r] — » obXi with r < n and a fibrewise level-tree maps between fibrewise 
Q"WJi-spaces E and E' means a multiplicative functor from Q"LW(^ (8 Xi) to the category of fibrewise spaces 
of which the restrictions to c/' Q"W^ and d^Q"WJ\ give fibrewise Q"W ^-spaces E and E' respectively. 

Example 2. (i) Every topological monoid is an Aoo-space. More generally, every fibrewise topological monoid is 
a fibrewise Aoo-space. Here, a fibrewise pointed space B ^> E ^ B (cr is a section of n) with a fibrewise map 
m : EXgE — > E is a fibrewise topological monoid if m(lXBm) — m(mXBl) andm(o'(7T(x)),x) — m(x, cr(;r(x))) = x 
for each x € E. If(E, m) is a fibrewise topological monoid, then the family of maps {m, : Ki X E^"' — > E] defined 
by niiip; xi, ■ ■ ■ , x,) = m(xi, ■ ■ ■ , ot(x,_i, x,) ■ ■ ■) is a fibrewise Aoo-fonn of E. 

(ii) An H-space is an A2-space. A homotopy associative H-space (G, m) together with its associating homotopy 
m(\ X m) ^ m(m X 1) is an A-i-space. 
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(Hi) For a pointed space X, the based loop space QX ofX is naturally an Aoo-space. In fact, an Aco-form of QX is 
constructed as follows. Let 

Pi = { (fo, fi, • ■ • , f,) e /'+' 1 = fo < fi < • • ■ < f/ = 1 } 

be the space of partitions of the unit interval I — [0, 1]. Since Pi is contractible, one can construct an Aco-form 
{nii : % X {QXY' -^ QX) ofQX such that 

( t-LJ. An) \ 

for p & 'Ki, l\,- ■ ■ ,(i e £iX, (J^_ ^(p) < t < w^ where (J — ( Wq , w j , • ■ • , wj) : 7C,- — > Pi. One can take this family 
{(J\ as independent ofX. Since Pi is contractible, such Aca-form of QX is unique up to homotopy of Aco-forms. 
(iv) Every homomorphism between topological monoids is an Acc-map. We can consider a more general situ- 
ation. Let (£, {m,}) and (E',{m'.}) be fibrewise A„-spaces. A fibrewise map f : E ^ E' is called a fibrewise 
A„-homomorphism ifm'.(l x/^''') — f mi for each i, where a fibrewise A„-fonn off is constructed by forgetting the 
painting of trees in J'^. For example, ifX and Y are pointed spaces and f : X ^ Y is a pointed map, then the map 
Qf : QX — > QY is an Aco-homomorphism. 
(v) An H-map between H-spaces is an A2-map. 

The results by Boardman and Vogt in Chapter IV, §2 and §3 of [2 1 remain true even if WS-spaces are replaced 
by "fibrewise WS-spaces". Hence, we have the following propositions. 

Proposition 4.2 ((Corollary 4.15 in 12 1)). Let E, E' and E" be fibrewise A„-spaces over B and f : E ^ E' and 
g : E' ^ E" be fibrewise A„-maps. Then gf : E ^> E" is also a fibrewise A^-map. 

Proposition 4.3 ((Corollary 4.20 in [2|)). Let E be a fibrewise space over B and E' be a fibrewise An-space over 
B. If f : E ^> E' is a fibrewise homotopy equivalence, then there exists a fibrewise A„-form of E such that f is a 
fibrewise A„-equivalence. 

Proposition 4.4 ((Corollary 4.21 in |2|)). Let E and E' be fibrewise A„-spaces over B and f : E —^ E' be a 
fibrewise A„-equivalence. Then the fibrewise homotopy inverse g : E' -^ E of f is also a fibrewise A^-equivalence. 



Remark 3. (i) From Propositions \4. 2\ and \4.4\ the fibrewise A^-equivalence is an equivalence relation. 

(ii) Boardman and Vogt have not explicitly shown the level-tree map version. However, Proposition 4.6 in ||2l 

guarantees us the above propositions. The Q"WS-space version can also be verified. 

(Hi) For the fibrewise pointed version, we need to assume the fibrewise homotopy extension property of the sections 

of fibrewise pointed spaces. This property corresponds to well-pointedness of pointed spaces. For the pointed 

version, see Chapter 5, §5 in JSJ. 

5. The classification theorem for fibrewise A„-spaces 

Let B' be a space, f : B' ^ B he a map and £ be a fibrewise A„-space over B. The pull-back f*E of £ by / is 
naturally a fibrewise A„-space. 

Let E and E' be fibrewise A„-spaces over B and B' respectively. We say a fibre map / covering f : B —> B' is 
a fibrewise A„-map over / if the induced map E -^ f*E' by / is a fibrewise A„-map. In particular, f*E' —> E' is a 
fibrewise A„-map over /. 

Proposition 5.1. Let E and E' be fibrewise A„-spaces over B and B' respectively. If a fibrewise A„-map f : E ^> E' 
over f is homotopic to a fibre map g : E ^ E' covering g : B ^ B' with a homotopy from f to g covering a 
homotopy from f to g, then g is a fibrewise A„-map over g. 

Proof. Take a homotopy h : I x E ^ E' between / and g covering a homotopy h : I x B ^ B' between / and g. 
We construct a fibrewise A„-form [h'. : J'lX I x E^"' —> h*E'} of the fibrewise map h' : I xE ^> h*E' induced by 
h, where {/iJIoxbI is equal to the fibrewise A„-form [f.] of the fibrewise map E —> f*E' induced by /. 

Assume we have constructed /i J ,•■ ■ ,h'._-^. Since £' has the homotopy lifting property and (^, , "TY,) ^ {D'^\S'^^), 
we can extend the fibrewise map h'. : {{Sfi x 0) U (TY, x /)) x E'^'>^ -> h*E' defined by 

h\(p,s\xi,---,Xi) 

( flip-xu--- ,Xi) (s^Q) 

= < h'Xp',s;xi,--- ,Xk-\,m,{T';xk,--- ,Xk+t-\),Xk+,,- ■ ■ ,Xi) {p ^ 5k{r,t){p' ,t')) 
\ m',(T';h'^Xp[,s-xu- ■ ■,Xr,),- ■ ■,h'^^(p',,s;xy^+...+r,_,+i,- ■ ■,Xi)) (p = 5(f,ri,- ■ ■,r,){T',p\,- ■ ■,p',)) 
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to J'i X I X E'^"', where {to,} and {toJ} are fibrewise A„-forms of E and E' , respectively. We have constructed a 
desired map /?,-. Therefore g is a fibrewise A„-map over g. u 

Remark 4. In the pointed case, since we have used the homotopy lifting property, we have to assume that E' is an 
ex-fibration (see 13|j. 

Proposition 5.2. Let E be a fibrewise A„-space over B and B' be a space. If maps f,g:B'^>B are homotopic, 
then f*E and g*E are fibrewise A„-equivalent. 

Proof. It is sufficient to prove that for a fibrewise A„-space E over I x B, EIqxb and E\ixb are fibrewise A„- 
equivalent. From the homotopy lifting property of E, there exists a fibrewise map h : I x (EIoxb) — » E over 
I X B. From Proposition 15. II /i|ix£ : £|oxb — > £|ix£ is a fibrewise A„-map. Since h\ixE is a fibrewise homotopy 
equivalence, ^Ioxb and E\ixb are fibrewise A„-equivalent. n 

In the rest of this section, we will construct the classifying space for fibrewise A„-spaces with fibres A„- 
equivalent to a fixed A„-space by the same method as in |4|. Let (G, {/i,j) be an A„-space and B be a space, where 
both G and B has homotopy types of CW complexes. Assume every fibre of a fibrewise A„-space is A„-equivalent 
to G in the rest of this section. 

Let £■ be a fibrewise space such that fibres of E are homotopy equivalent to G. Define 



M„[E] = y I {to,) e Y\ Map (% x Ef, Et) 



{mi] : anAjj-formof/ift such that 

(Eb, (to,)) and (G, {yU,}) are A„-equivalent 



heB y i=2 

Here, we have the projection M„[E] — > M„_i [E] defined by forgetting to,,. Since the inclusion X.n — > %i has the 
homotopy extension property, this projection is a Hurewicz fibration, of which the fibres are homotopy equivalent 
to the component £?|5"^Map (G^", G) containing the constant map S"'^ -^ Map (G^",G) of Q"'^MeLp (G^" , G) 
with basepoint of Map (G^",G) given by the map (;ici, ■■ • ,x„) i-> fi2(xi,-'- ,/"2(-Xn-i,J^«) • ■ •)• Then a fibrewise 
space E„[E] is defined as the pull-back of E by the projection M„[£'] — > B. Define the fibrewise map to, : 
Ki X £■„[£] ^""I'^i' —^ E„[E] by TO,(p; {to,}, jci, ■ • ■ ,Xj) = TO,(p;xi,--- ,x,), then {TO,}"^2is a fibrewise A„-form of 
E„[E]. Using the space M„[E], we can state the Lemma 5.7 in [2] in the following form. 

Lemma 5.3 ((Lemma 5.7 in 12J))- Let E be a fibrewise A„-space and {to,}, {m'.] : B — » Mn[E] be fibrewise A„- 
forms ofE. Then the identity map ofE is a fibrewise A„-equivalence between [nii] and {m\} if and only if they are 
homotopic as sections ofM„[E'\ — > B. 

Recall that there exists the universal fibration (not principal) £1 — > Mi = BFG for Hurewicz fibrations with 
fibres homotopy equivalent to G, where FG is the space of all self homotopy equivalences of G. For any space B 
with homotopy type of a CW complex, there is the bijection between the free homotopy set [B; Mi] and the set of 
all fibrewise homotopy equivalence classes of Hurewicz fibrations with fibres homotopy equivalent to G given by 
pull-back of £1. Refer [14J for details. 

We denote M„ = M„(G) = M„[Ei] and £„ = E„(G) = E„[Ei]. 

Proposition 5.4. Let E be a fibrewise A„-space over B. Then there exists a fibrewise An-map f : E ^> En over 
f : B -^ M„ such that the induced map E — > /*£„ is a fibrewise A„-equivalence. 

Proof. Let /i : £ — > £1 be a fibre map covering /i : B — » Mi which induces a fibrewise homotopy equivalence 
E — > f^Ei. From Propositions 14.31 and 14.41 there exists a fibrewise A„-form of f*Ei such that E —> f^Ei is a 
fibrewise A„-equivalence. This fibrewise A„-form gives a section of f^M„ - M„[f^Ei] —> B. This section and /i 
gives a fibrewise A„-map f : E ^> E„ over f : B ^ M„ which induces fibrewise A„-equivalence E —> f*E„. a 

Lemma 5.5. Let E be a fibrewise A„-space over B and f,g : B ^ M„ be maps such that f*E„ and g*E„ are 
fibrewise A„-equivalent to E. Then f and g are homotopic. 

Proof. Let p : M„ —> M\ be the projection. Then pf and pg are homotopic. Let us denote this homotopy 
h' : I X B —> Mo. Since p is a Hurewicz fibration, there exists a homotopy h : I x B ^> M„ such that ph - h' and 
h() - f. Take a fibrewise A„-map f : E —> E„ over / which induces a fibrewise A„-equivalence E —> f*E„. From 
the homotopy lifting property of E„, there exists a homotopy h : I x E ^ E„ such that h covers h and ho - f. 
Here E is fibrewise A„-equivalent to both g*E„ and h*^E„. Since ph[ - g, they are the same fibrewise spaces. From 
Propositions 14.41 l4~2l and ISTl the identity map h*yE„ —> g*E„ is a fibrewise A„-equivalence and Lemma l53] savs 
that hi is homotopic to g. Therefore, / and g are homotopic. n 

The next proposition follows from this lemma immediately. 
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Proposition 5.6. Let E and E' be fibrewise A„-equivalentfibrewise A„-spaces over B and f,g:B-^ M„ be maps. 
If E and E' are fibrewise A„-equivalent to f*E„ and g*E„ respectively, then f and g are homotopic. 



From Proposition b .21 and Proposition 15. 61 we conclude the classification theorem. 

Theorem 5.7 ((the classification theorem for fibrewise A„-spaces)). Let G be an A„-space and B be a space, both 
of which have homotopy types of CW complexes. Fix a finite positive integer n. Let us denote An{G; B) the set 
of all fibrewise A„-equivalent classes of fibrewise A„-spaces over B with fibres A„-equivalent to G. Then the map 
[B; M„{G)'\ — > AniG; B) defined by pull-back of En is well-defined and bijective. 

We will construct the associated principal fibration of this universal fibration for our later calculation. Let C„ 
be the fibrewise space over M„ defined as the space consisting of all A„ -equivalences with its A„-form from G to 
some fibre of £„: 

r - I T /(fi P riivrnnr^ vrx' (f \ \ *-^* ' anA„-formofanA„-equivalence \ 
C„ - y {/;■} 6 i i Map ( J-, X G , (EM ^^^^ ^ ^^ 

heM„ V '=1 / 

As easily checked, the projection C„ —> M„ is a Hurewicz fibration. The fibres of C„ — > M„ are homotopy 
equivalent to the space Fa„ G consisting of all A„ -forms of self A„ -equivalences of G. It follows from the following 
proposition that C„ is oo-connected. 

Proposition 5.8. Let (G, {m,}"^2) be an A„-space, (F, {fii}"!^) '2" An^i-space and (/, {/i})!r/) : G ^> F an A„_i- 
equivalence. Then the space 

<t> = { (yu«, /«) I (/, {/;}"=i) : (G, {m,}"=2) ^ iF^ {y"/}"=2) is an A„-equivalence. } 

c Map (TC, X F^", F) x Map {J„ x G""', F) 
is contractible. 

Proof For a fibrewise ^"H'S-space X, Y : Q"WS -> FWCG, we say g : Q"W(!B ® Xi) -> FWCG is a fibrewise 
Q"S-map from X to Y if X - d^f and Y - d^^f, where FWCG denotes the category of fibrewise compactly 
generated spaces. As remarked in §4, similar results in Chapter IV of ^ hold for fibrewise 2"S-maps. Let 
'P = 0xFhea fibrewise A„-space over such that the A„-form of the fibre ^{^,,j,,) - {{^in,fn)] x F is {/U/j^Lj. Then 
1 X / : (Px (G, {»J/)"^2) ^ '^ is a fibrewise A„-equivalence such that the A„-form of f{ii„j„) '. (G, {mi}"^^) ~^ '^(p„,f„) 
is {/}"=!■ This fibrewise A„-map 1 x / : x (G, {mi]"^^) ~* ^ extends to a fibrewise Q"^-map f : Q"W(Jl » 
£1) -^ FWCG. If we fix a point (/i°,/,;') e 0, the fibrewise map 1 x (/, {/i, ■ ■ ■ J,,-!,/")) : 0x(G, {mi]^^) ^ 
<Px(F,{fi2,- ■ ■ ,/in-i,/i°)) is a fibrewise A„-equivalence and extends to a fibrewise Q"Jl-mapf'^ : 2"W(J?[®Xi) —> 
FWCG. Then the indentity map ¥ -> (PxF gives a fibrewise g"y[-map Q"W{J{® Zi) -^ FWCG. 

x (G, {m,}l^) 1 ^ ^ 

X (G, {miYl^) ^^ ^ X (F, (a(2, ■ ■ ■ ,ju„-i,yu°}) 

The above diagram commutes in the sense of the section 2 in Chapter IV of [2]. Then we can construct a fibrewise 
Q"(Jl Xi)-map h : Q"W(Jl ® Xi ® £1) -> FWCG from / to /*' whose underlying map is the identity map. 
Thus, from Lemma 5.7 in 0, /, /" : Q"W{^® Xi) — » FWCG are homotopic. This implies that the space is 
contractible to a point (/iJJ, /"). n 

6. Fibrewise localization of fibrewise A„-spaces 

We introduce the fibrewise IP-localization of fibrewise A„-spaces. In the following, notice our fibrewise spaces 
are Hurewicz fibrations. 

Definition 6.1. Let E and E be fibrewise spaces over B and f be a family of prime numbers. A fibrewise map 
£ : E ^ E is a fibrewise 'P-localization if the restriction (j, : Ej, ^ Ej, oft to each fibre Eh is a P-localization. We 
say a fibrewise space is fibrewise P-local if each of its fibres is P-local. 

Remark 5. Fibrewise localizations have the following universal property: if E' is a fibrewise P-local space and 
f : E ^ E' is a fibrewise map, then there exists a fibrewise map f : E ^* E', unique up to fibrewise homotopy, 
such that f{ is fibrewise homotopic to f, where the base space ofE, E and E' has homotopy type of a CW complex. 
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We quote Theorem 4. 1 of lITSl in the next form. 

Theorem 6.2. Let G be a nilpotent finite CW complex and ^ : G — > Gp be the P-localization ofG. Then, { induces 
a map (# : BFG — > BFGp which corresponds to the map FG — > FGp induced by (, which P-localizes the identity 
component. 

Let G be a nilpotent finite CW complex and Ei be a universal fibration of G. Then, we can construct the 
fibrewise 'P-localization £1 —> Ex of £1, where the classifying map of E\ is l#. Hence if £ is a fibrewise space 
with fibres homotopy equivalent to G and with base B homotopy equivalent to a CW complex, then we can take 
the fibrewise iP-localization £ : E ^> E of E. 

Proposition 6.3. Let E be a fibrewise A„-space. Then the fibrewise P-localization £ : E ^> E has the fibrewise 
An-forms ofE and I, both of which are unique up to homotopy through fibrewise A„-forms. For an A„-space G with 
homotopy type of a nilpotent finite complex, this fibrewise localization induces the map M„(G) — > M„(Gp) and the 
following diagrams commute up to homotopy: 

M„{G) ^ ■ ■ ■ ^ M2(G) ^ BFG 



M„(Gr) ■ 



■ M2(Gp) ■ 



BF(j(p 



iZ Map (G^",G)' 



^-2Map(G^«,Gp)- 



M„(G) ■ 



-^M„_,(G) 



M„(G>p) ■ 



-^Mn-l(Gp) 



where the map i/^^^Map (G^", G) -^ ia^^^Map (Gp", Gp) is the P-localization. 

Proof Let {m,} be the fibrewise A„-form of E. We construct fibrewise A„-forms {m,} and {/",} of E and £ respec- 
tively. Let £1 - £. Assume we have constructed fibrewise Ay_i-forms [fhiy^^^ and {£i]\^x- ^^^ fibrewise map 
£'■ : CH, - \tA6{j, 1, ■ • ■ , 1)) X E'^'^J —^ E can be defined by using {m,}, {m,} and {^,} in a natural manner and be 
extended on J'j x E^''J. We can also define nij : £j x E^"^ -> £ by using {m,} and £'i6{i, 1, • ■ ■ , 1) x \)\£.xe^bj - 
ilijil X f^"'). There exists a fibrewise map in'. : "Kj x E^"-' -^ E such that in'.(l x £^''J) is fibrewise homotopic to 
£'{5{j, 1, • ■ • , 1) X 1). Then nij is fibrewise homotopic to m'\j^^j^xsj. Hence ihj can be extended on 'Kj x E'^''^ and 

there exists £j : J'j x E^"'' —> E such that {£i}j^i is a fibrewise A^-form of £. 

If there exist such ({m*'}, {fi}) and ({m? }, {£^ )), we can construct a homotopy ({M,}, {L,}) between them similarly. 
The rest of this proposition follows immediately. n 

From the above proposition and the result of the previous section, we have the following homotopy commutative 
diagram: 



S"-'Map(G^",G)- 



Q"-^Map(G^",Gf>) 



-^ Fa„G 



^Fa„_,G 



Fa„Gp ■ 



A„- 



,Gp 



where the restriction^;- 'Map (G^",G) -^ Q"-^MapiG^" 



^Q ivicipv^ >^y ' ■^'0 i'i"F v^p J Gp) is the y'-localization. Since FG 
!P-localization of the identity component, one can show the following corollary inductively. 



Corollary 6.4. The map Fa„G 
the identity component. 



FGp is the 

Fa„Gp induced from the map M„(G) — > M„(Gp) above is the P-localization of 



7. Fibrewise rationalization of automorphism bundles 

We review that the triviality of the fibrewise rationalization of an automorphism bundle by (4]. 

First, we recall the construction of classifying spaces by using the geometric bar construction given by lfT3l 
and lfT4l . Let G be a topological group with non-degenerate basepoint and which has the homotopy type of a 
CW complex. We can construct the universal bundle EG = B(*,G,G) — > BG = B{*,G, *) by the geometric bar 
construction, where EG is also a topological group and G c EG is a closed subgroup compatible with its right 
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G-action. Then BG is the coset space EG/G and the adjoint action G on EG (i.e. (g, x) h^ gxg^^) induces an action 
of G on BG. We also call this action the adjoint action. We consider G and QBG as left G-space by this adjoint 
action. 

If G is abelian, then EG is also abelian. Hence BG is again a topological abelian group. Therefore, for any 
abelian group F, the Eilenberg-MacLane space of type (F, n) can be taken as a topological abelian group. 

For a principal G-bundle P over B, the automorphism bundle aut f of P is the quotient space P xG/ ~, where 
the equivalence relation ~ is defined by (u,x) ~ {ug,g^^xg) for any u e P and x,g e G. The projection P —> B 
induces a map aut P ^ B and aut P is a fibre bundle with this projection. Moreover, the multiplication GxG —> G 
induces a fibrewise map aut P Xb aut P — > aut P and aut P becomes a fibrewise topological monoid, more precisely 
afibrewise topological group. 

We show that aut EG and EG Xc QBG are fibrewise Aoo-equivalent, where EG Xq QBG is the quotient space 
with identification (m, t) ~ (ug, g '^) in EG x QBG and hence is also a fibrewise Acxj-space. 

We use the notation in ||T31 for representing elements of EG and BG. The map ^ : EG — > PBG is defined by 
lillgu ■ ■ ■ ,gj]gj^ut\)(s) = \[gu-j ■ ,gj,gj^i], ((1 - s)t, s)\. Define f : G ^ QBG by the restriction of I This ^ 
is slightly different from May's ^ defined in 11411 because May's ^ is not an //-map in general. By definition, the 
following diagram commutes: 



-^EG 



-^BG 



QBG 



PBG 



-^BG 



The map f is G-equivariant and is a homotopy equivalence. 

Lemma 7.1. Fhe map i^ has a G-equivariant A^o-form, where an Aoa-form{(iY^y is G-equivariant if ^i(lxg^') — g^i 
for each g e G and i. 

Proof. For gi,- ■ ■ ,g„ e G and p € 7C,-, we have 

^(^1, ■ ■ ■ ,gn)(s) = \[gl ■ --gnMl - S, S)\ = |[^i, ■ ■ ■ ,g„]{l - ,, 0, ■ ■ • , 0, .)|. 

Let {w' : % -^ Pi}°l2 ^'l {'"'■ • %>^i^BGY' -^ QBG]'^^^ as in Example (iv) in §4. Then, forp € %„ gi, 
and w^ j(p) < s < w^(p), we obtain 



?„eG 



m,(p;^(gi), ■•■ ,^(gn)){s) 



[gkUl 



[gu---,gnUO,---,QA- 



(P) 



"i-l 



s-(^l_i(p) 



-,0,-- ,0 



From these equations, it is sufficient for us to construct a fibrewise At»-form {f/l^j such that ^„(p;gi, ■ ■ ■ ,gn)(s) = 
|[gi,--- ,g„],^n(p;s)\ for some ^n '■ STn 'X t ^ ^". Since each simplex A" is contractible, such {^i}^j can be 
constructed inductively. n 

Hence a fibrewise map 1 Xc ^ : EG Xc G — > EG Xc QBG is a fibrewise Aco-equivalence. 

Here, EG Xc QBG is the fibrewise based loop space of the fibrewise pointed space EG Xq BG with section 
BG -^ EG Xc BG given by [u] h^ [m, e] for u e EG and the identity element e e EG. And the map EG x EG — > 
EG X EG (u, u') i-> (m, uu') induces a fibrewise pointed topological equivalence EG Xq BG — > BG x BG, whose 
target is the fibrewise pointed space BG — > BG x BG — > BG such that n is the first projection and cr is the diagonal 
map. 

Let G be a compact connected Lie group. Since the rational cohomology ring H*{BG; Q) of BG is a polynomial 
ring, there exists the rationalization { : BG —> (BG)(0), where (BG)(0) is a topological abelian group. The map 
1 X ^ : BG X BG —> BG x (BG)(0) is a fibrewise rationalization over BG, where BG x (BG)(()) is a fibrewise pointed 
space with projection given by the first projection and with section (1, ^) : BG — » BG x (BG)(o). Finally, we have 
the fibrewise pointed topological equivalence BG x (BG)(0) —> BG x (BG)(0) {x,y) i-» (x, {(xy^y), whose target is 
a fibrewise pointed space with section given by x h^ {x, e). Thus EG Xc QBG —> EG x Q{BG)a)) is a fibrewise 
rationalization and is a fibrewise Aco-homomorphism. Moreover, EG x Q{BG)(o) is trivial as a fibrewise Aoo-space. 

Theorem 7.2. Let G be a compact connected Lie group, B be a space with homotopy type of a CW complex 
and P be a principal G-bundle over B. If f : B ^> M„(G) is the classifying map of the automorphism bundle 
autP — P Xc G of P, then the composition of f and M„(G) — > M„(G(0)) is null-homotopic. 
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8. Proof of Theorem 1 1 . 1 1 

We state Lemma 6.4 of |4| as the following lemma. 

Lemma 8.1. Let Ai,A2, -61,-82 be groups, A2, B2 be abelian, A2 be finitely generated, A3 and -S3 be sets on which 
A2 and B2 act respectively, A4 and B4 be sets and 03 6 A3 be a fixed element. Consider the following commutative 
diagram. 



Bi 



-^B2 




Assume the following conditions: 

(i) The maps f,gi,(i,£2 are homomorphisms, where £1 is Q-surjective (i.e. for any b £ -Si, there exists an integer 

n such that b" e image {i) and ker {2 is finite. 

(ii) For any 02 6 ^2 <^f^d a e A3, ^3(02 ■ o) — ^2(^2) ■ (3(a)- 

(Hi) For any a e A3, A2 • a = f^^ifiio)). Similarly, for any b e -S3, B2 ■ b — g2^(gj,(by). 

(iv) The isotropy subgroup ofa-i is image f\, and the isotropy subgroup of^^ia^) is image gi. 

r/!en/j"'(/3(fl3))n^j'(^3(fl3)) is finite. Moreover, if {4 is finite-to-one and if the condition (iv) holds for any ai, e A3, 

then ^3 is also finite-to-one. 

Proof. Fix a e A2 such that a • 03 € £:^^(lT,(a-i)). From (ii) and (iii), there exists b & B\ such that g\{b) - {2(0). 
From (i), we can take an integer n and a' e Ai such that ^i(a') - b". Since {2ina - /i(a')) = 0, the order of 
na - fiia') is finite. Hence, for some integer k, (ka) -03 =03. Then, because A2 is finitely generated abelian group, 
the condition (iii) says that/3"'(/3(a3))n/'j'(^3(a3)) is finite. The rest of this lemma follows immediately from this 
assertion. n 

We also quote Theorem 6.2 and Corollary 5.4 in Chapter II of [6|. Let {X; Y\* denote the homotopy set of 
basepoint-preserving maps from X to Y. 

Theorem 8.2. Let X be an H-space with non-degenerate basepoint and which has the homotopy type of a con- 
nected CW complex and { : X ^> Xp be the P-localization H-map. Then, for a connected finite complex W, 
{f, : [W;XY — > [VK;Xp]* is Q-bijective, in other words, £, is Q-surjective and every element in ker^, has a finite 
order 



Lemma 8.3. Let G be a nilpotent finite complex and { : G 
7To(FG) — > 7To(FGp) induced from £ is finite-to-one. 



Gp be the 'P-localization. Then the homomorphism 



In the following argument, assume B is a connected finite complex, (G, {ot,}"^2) is an A„-space with homotopy 
type of a connected finite complex such that m2 : G xG —> G has the homotopy unit and Gp is the T'-localization 
ofG. 

From Corollary 16.41 and Theorem l8.2l [£B; M„(G)]* — > [XB;M„(Gp)Y is g-surjective. Since G is an //-space 
and is a finite complex, nr{M„{G)) is finitely generated. Then UriMniG)) —> nr{M„{Gp)) is finite-to-one for r > 2. 
In fact, this also holds for r - \. 



Lemma 8.4. 7ri(M„(G)) -^ 7Ti{M„(Gp)) is finite-to-one. 
Proof. Since we have the following commutative diagram, we show 7To{Fa„G) 

n,{M„{G)) —^ 7:o(F„G) 



^o(Fa„Gp) is finite-to-one. 



7ii(M„(Gp)) > noiFnGp) 

When n - I, this follows by Lemma [83] Assume this holds for n-\,n > 2. The diagram in Proposition l6.3 I vields 
the following commutative ladder: 

^i(^A„_,G) ^ 7ro(^""'Map (G^", G)) ^ ^o(^^, G) ^ 7^o{Fa„_,G) 



ni{FA„_fip) ^ 7ro(i3"-'Map (G2,", Gp)) ^ ;ro(^A„Gp) ^ noiFA„_,Gp) 
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Let us verify the conditions of Lemma 18 . 1 1 about this diagram. The abelian group no(Q" 'Map (G^",G)) acts on 

-•xn 



nQ{FA,G) through the above homomorphism. Similarly, 7ro(i3" 'Map(Gp",Gp)) acts on no{FA,Gp). Since G is 



a finite complex and is an //-space, no{iI' Map (G^", G)) is a finitely generated abelian group. From this and 
TheoremiJl the kernel of 7ro(^"'Map(G^",G)) -^ 7ro(S""'Map(G^",Gp)) is finite. The map K2(M„^i(G)) -^ 
7r2(A/;,-i(Gp)) is g-surjective from the above, then 7ri(F/i„ ,G) — > 7ri(F4„ ,Gp) is g-surjective. Thus the condition 
(i) is verified. The conditions (ii), (iii) and (iv) (for any 03 € 7ro(/^A„G)) are easily verified. Hence 7:()(Fa„G) —^ 
n(i{FA„Gp) is finite-to-one. n 

Now we show the following proposition. 

Proposition 8.5. [B;M„(G)]* -^ [B; M„(Gf>)Y is finite-to-one. 

Proof. When B is a point, this is trivial. When B is 1 -dimensional, B is a wedge sum of finite circles. Then this 
proposition follows by Lemma lOl Assume B is a complex given by attaching the complex B' to one r-cell (r > 2), 
where the assertion above holds for the complex B'. Let us consider the following commutative diagram given by 
the cofibration B' -^ B -^ S': 

[SB'- M,{G)Y ^ 7r,(M„(G)) ^ [B; M„{G)r ^ [B'- M„{G)r 



[EB'-Mn{Gp)Y ^ TiAMniGp)) *- [B;M„(Gp)]* ^ [B';M„(G?.)]* 

This cofibration induces the actions of nr{M„{G)) on [B; M„{Gy\* and ji,-{M„{G>p)) on [B; M„(Gp)]*. Since we can 
apply Lemma lOl to this diagram, [B, Mn{G)Y -> [B, M„{G'p)Y is finite-to-one. n 



Here, we consider the case that G is a compact connected Lie group. 

Theorem 8.6. Let B be a finite connected complex and G be a compact connected Lie group. For each n < 00, the 
number offibrewise An-equivalent classes represented by the automorphism bundles of principal G-bundle over B 
is finite. 



Proof. From Proposition 17.21 the classifying map of the fibrewise rationalization of an automorphism bundle is 
null-homotopic. Then this classifying map is also null-homotopic preserving basepoint. From Proposition 18.51 
there exist only finitely many classifying maps B — » M„{G) up to homotopy which correspond to some automor- 
phism bundle. Hence the conclusion follows. n 

In general, if (E, {mi}) is a fibrewise A„-space, then the space of all sections r(E) of E is naturally an A„-space, 
where the A„-form {Fmj] of r{E) is given by Fmiip; ip\,- ■ ■ , fi)(b) = »i,(p; ip\{b), ■ ■ ■ , ipi{b)). If E and E' is a 
fibrewise A„-space over B and / : £ ^ £' is a fibrewise A„-map, then the map Ff : F{E) — > F{E') given by 
(Ff){(p){b) = f(f{b) is an A„-map. Moreover, if / is a fibrewise A„-equivalence, then Ff is an A„-equivalence. 

Let G be a compact connected Lie group. Since Q{P) is isomorphic to /"(autP) for any principal bundle P, 
Theorem l8.6l implies Theorem lLlI 

9. A COUNTEREXAMPLE WHEN n - oo 

In Theorem ll.il it is essential to assume n is finite. Kono and Tsukuda have shown the following theorem: 

Theorem 9.1 (( II12I and II20I )). Let X be an oriented simply connected closed 4-manifold and P and P' be principal 
SU(2)-bundles over X. The classifying spaces BQ{P) and BQ{P') are homotopy equivalent if and only if 

k2(^)['^]| - \c2iP')VQ\ if X admits an orientation reversing homotopy equivalence, 
C2{P)[X] = C2{P')[X] otherwise, 

where C2{.P)[X'\ represents the coupling of the second Chern class ofP and the fundamental class ofX. 

Stasheff has shown in ifTSl that a map between topological monoids is an A„-map if and only if it admits an 
appropriate map between A„-structures. From this, @{P) and Q{P') are Am -equivalent if and only if BQ{P) and 
BQ{P') are homotopy equivalent. Hence we conclude the following counterexample when « - 00. 

Proposition 9.2. For a simply connected closed 4-manifold X, there are infinite distinct A^o-types of gauge groups 
of principal SU(2)-bundles over X. 
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10. The gauge groups of principal 5t/(2)-BUNDLES over 5"* 

In general, it is difficult problem to count the number of A„-types of gauge groups. However, one can often 
partially know the behavior of the localizations of A„-types of gauge groups. 

Denote the principal 5t/(2)-bundle over S* with second Chern class k € H*(S*) - Z hy Pk- For a family of 
prime numbers V, let f ^p be the principal 5f/(2)yj-bundle over 5"* with second Chern class k e H'^{S'^; Zp) ^ Zp, 
where Zp is the localization of the ring Z at V. Here we remark that SU{2)p can be taken as a topological group 
with homotopy type of a CW complex |16|. Then, using the same construction as in §7, the fibrewise iP-localization 
of autf,t as a fibrewise Aoo-space is antP/tp. 

Denote the identity component of the gauge group QiPk.r) by ffoiPk.p) and the kernel of the evaluation at the 
basepoint ev : QoiPk.'p) — > SU(2)p by Qo,o(Pk,p)- Atiyah and Bott yj constructed the universal bundle of the gauge 
group 

giPk,p) ^ Eg(Pk,p) ^ Map (5 4; HP^; k), 



where EQiPk^p) is the space of all bundle maps from Pk^p to the universal bundle over //f p and Map (S ; HP^; k) 

='^) corresponding X.o{k:S^^ HP^. 



is the path component of Map (S ^; HPp) corresponding to ^A; : 5 "* — » HP^. Then, the 'P-localization of ffo(Pk) as 



an Aco-space is ffo(Pk.p)- 

Definition 10.1. A fibrewise A„-space E over B is said to be trivial if E is fibrewise A„-equivalent to the fibrewise 
A„-space B X Eh for some b e B. 

As in ||9l , aut Pk^p is trivial as a fibrewise A„-space if and only if there exists a map f : S'^ x HP" — > HP^ such 
that the following diagram commutes up to homotopy: 

54 V HP" ^^ HP^ V HP^ 



S^xHP"^ ^HP^ 

where k : S'^ ^ HP°° is the classifying map of Pk, ( : HP'" -^ HP^ is the f -localization of HP'", i and j are 
inclusions and V is the folding map. Moreover, the following proposition holds. 

Proposition 10.2. The gauge group Q{Pk,p) of Pk,p is An-equivalent to the gauge group Q{S'^ X SU(2)p) of the 
trivial bundle if and only i/aut Pk,p is trivial as a fibrewise A„-space. 

Proof. We identify the gauge group ff{Pk,p) with the space r(autPk,p) of sections. Let F : Q(S* x SU(2)p) —> 
GiPk.'p) be an A„-equivalence and define the fibrewise A„-map f : B x SU{2)p — > aut Pk,p by f{b, g) - f{s{g))(b), 
where s : SU(2)p — > ^(5^ x SU{2)p) is the standard section given by s(g){b) - {b,g). Let us see that / is 
a fibrewise A„-equivalence, equivalently, evFs : SU(2)p —> SU(2)p is a homotopy equivalence. Consider the 
following evaluation fibration: 

&Q,Q(Pk.p) -^ @o(Pk.p) -^ SU(2)p. 

Note that nii^ofliS'* x SU(2)p)) and t: i{0{)^{){P k.p)) are isomorphic finite groups for each /. Since F, : niiQoiS'^ x 
SU(2)p)) — > n2{@(){Pk.'py) is an isomorphism and these groups are finite, 7r2{0i),i)(Pk,p)) — > ^2(So{Pk,p)) is also 
an isomorphism. Hence ev'» : n^{Q[){Pk.p)) —> n^{SU{2)p) has a section. Then one can see that {evFs), : 
nT,{SU(2)p) —> ji^{SU{2)p) is an isomorphism. Therefore, evFs : SU(2)p — > SU(2)p is a homotopy equiva- 
lence. D 

Proposition 10.3 ((Lemma 2.2 in II20I ')'). If r e Z is prime to every element off, then QiPkr.'p) is Aco-equivalent 
to giPkr)- 

Proof. The map S'^ ^ S'^ with degree r induces the following homotopy commutative diagram: 

f3^HP^ ^ Map (5 4; HP'^; kr) ^ HP^ 



Ql^HP^ ^ Map (5^ HP^; k) ^ HPp 

where Q^^HP'^ -^ Q^HP'^ is a homotopy equivalence. Hence Ua:g{S^;HP'^;kr) and Map(5'';ffP^;A:) are 
homotopy equivalent. Therefore, Q{Pkr,p) and 0{Pk,r>) are A^o-equivalent. n 
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In the rest of this section, we give an observation on the fibrewise A„-types, using a result of lfT9l concerning 
with the homotopy groups of 5 ^ . 

Theorem 10.4. Let p — min'P. If p > 3, then autP^.p is trivial as a fibrewise A p-\ ^ -space. Moreover, saXPk,'p is 
trivial as a fibrewise Ap-A-space if and only ifk = mod p. 



Proof Let x € H^iS^; Zp) and c e W{HP"j,; Zp) be generators such that c\si = x and u e W{K(Zp, 4); Zp) be the 
fundamental class. From obstruction theory, we can take maps / : S*xHP" -^ /r(Zp,4)andg : //P^ -^ K{Zp,4) 
such that /*M = /tjc X 1 + 1 X c e H'^(S'^ x HP^; Zp) and g*u = ce H'^{HP^; Zp). Since ff*u = (tk V 0*V*^* = 
A;jt:Vl + lVc€ H'^iS'^ V HP'L; Zp), the following digram commutes: 



S^yHP'^ 



S^xHP"^ 



Ckvi 



HP^ V HP^ 




Since g* : H'{K(Zp, 4); Zp) — > H'iHP'^; Zp) is an isomorphism for i < 2p + 2, \f n < {p - l)/2 - 1, there exists a 
map /' : 5"^ X HP'^ —^ HPp such that f'j and V{{k V /) are homotopic. This implies the first half of this theorem. 
Assume that there exists a following homotopy commutative diagram: 

S* V HP'f-'^'^ ^^ HP^ V HP^ 



S'xHP^;-'^'^' 



hp: 



jip-Dn. 



Then f*P^u e H-p^\S^ x HP^^'"'^\ ZjpZ) is computed as follows: 

fr^c = !P'(fcx X 1 + 1 X c) = kP\ X 1 + 1 X f 'c = 0. 

On the other hand, since r^c = +2c<''+i>/2 ^ h^p+2(HP^; Z/pZ), 

fP^c = +2/*c(''+'>/2 ^ +2(fcx X 1 + 1 X c)<''+i^/2 ^ +^(^ + 1)^ >^ c'^P-^y\ 

Therefore, ^ = mod p. 

Conversely, suppose k = Q mod p. Then there is some integer r e Z such that k - pr. From the first half, 
we can take a map f : S"^ x HPj^^ U * x HPj^^ -^ HP^ such that the following diagram commutes up to 
homotopy: 



S'^V HP 



i(p-l)/2 

r 



pVl 



■ s^ w HP^r''"^ ■ 



-^ HP^ V HP^ 



S^ X HP'f'^'' u * X //pO-i)/2^il!^' 54 ^ jjp(P-m u , X HP'-;-'''' 



f 



HPZ 



Now, the obstruction to extending /' over S x HP\ 



i0-'-l)/2 



is no obstruction to extending f'{p x 1 U*x 1) over S^ x HPl . Hence autPj 



lives in jT2p+i(HP^). Since jT2p+i(HP^) ^ Z/pZ, there 

^A._P is trivial as a fibrewise 
A £^ -space. n 

Furthermore, for r e Z prime to each element ofP, we see that autP^^.p is not trivial as a fibrewise Ap_i -space. 
Let f be the universal 5f/(2)-bundle over HP~. Then, 

KiHP^)p = Zp[a], 
where K(-)p represents the 'P-local complex AT-theory and a - ( -2. Let b = -C2iO ^ H*(HP'!^;Q) then 



cha 



y 2bJ 
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Similarly, let u e K{S'^)p and chu - s e H'^{S'^;Q) such that s - b\si. Assume that there exists the following 
homotopy commutative diagram: 

54 V HP"j, ^^ HP^ V HP^ 



S^xHP"^- 



HP" 



Then, /'fe = /ts x 1 + 1 x /? in H^{S^ x HP'Jp-, Q) and 



f*a = A:MXl + lxa+V ei{k)u X d 



i=\ 



in k{S'^ X HP'^)p, where e,(A:) e Zp. We calculate f*ch a and ch f*a as follows: 

^ 2/7-'' ■^ 2 -^ / k 
fcha^f) => (/tiXl + 1 x^V =Lsxl + > sxbJ 



(2;)! 



■IxbJ 



( « 



ch f*a — ch 



^MXl + lXfl+V £i{k)u X a' -ks x 1 + 1 x V -ppr-.y + A X £i{k)s x V 



!=1 



>=i 



(2;)! 



'■=1 y=l 

n n 



v>=i 



(27)! 



r^-'' 



7=1 -^ 



2'e,(^) ,, 

-s X /? . 



1=1 /=! ,/i+--+,/,=/ 



(2;i)!---(2y0! 



Then we have the following formula: 



7 ^' 



2'ei{k) 






From this formula, one can see that there exists the number e, e g such that e,(A:) = e,^ for each /. Of course, the 
sequence {e,}" j satisfy the following formula for each /: 



1 " 

+ 1)! "2j , Zj 



2'e,- 



(2/+1) 



-^iM-.;,^/^2;,)!---(2yO! 



For example, ei = 1/6, e2 = -1/180, 63 = 1/1512 etc. 

Example 3. If sat P/^ is trivial as afibrewise A^^-space, then 7560 divides k. 

Proof. This condition implies that e\k, £2k, ejk e Z. Thus k is divided by 7560 - 2^3-'5'7'. n 

Theorem 10.5. Let p be an odd prime. Thefibrewise topological group aut Pk.ip] is trivial as afibrewise Ap^ i -space 
if and only ifk = mod p^. 

Proof. Assume autPt,{p) is trivial as a fibrewise Ap_i-space for some k e Z. Then kep-i € Zq,). From this, to show 
k = mod p', it is sufficient to show that p£p-i i Z^,-,. Obviously, ei, • ■ ■ , £(p-3)/2 € Zq,). Then 



e{p-i)/2 = — mod Z(p). 

From this, we have pe(p+i)/2, ■ ■ ■ , pep-3 e Z(p). Hence, by using the above formula for / = p - 1, we obtain 

20--')/V(,-i)/2 p-l ^ 

= -. 7-T-TTT7—T7TK — ^ + P£p-l mod Z(p). 



Therefore, we get 



(/7+l)!(2!)(''-3)/2 2 

1 

P^P-i = 



(p + l)!(p-2) 



mod Z, 



W- 



This implies that p£p-i i Z(p). 

Conversely, assume A: = mod p^. Let k' - k/p. Since /:' = mod p, we can extend ^{{k' V i) : 5^ V 
H^tp)^^'^ -^ ^PTp) °^^^ ^^ ^ -^^(rt "'^ by using Theorem[l031 Moreover, since n^iRP'^^^) = for 2p + 1 < 
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r <4p- 2, we can extend V(a' V i) : S'^ W HP'^'^f -^ HP'^^^ over S'^ x HP'^^^. Thus we can extend '^{£k V /) : 
S^ V HPP-^^ ^ HP;;, over 54 x HP[;/ since 7r,„_i(HP^^^) - Z/pZ. a 

Now, we give the desired lower bound. 

Corollary 10.6. The number of the A„-types of gauge groups of principal SU(2)-bundles over 5^ is larger than 
2''{2n+\)^ y^ligfg 7r(,7^) represents the number of prime numbers less than or equal to m. 

Proof. Fix an odd prime p and let k - 2'-3''5'' ■ ■ ■ p''' and k' - I'^y^S '^ ■ ■ ■ p'p, where each /, or /J. equals to 
or 1. Then, from the result of [llj. Proposition 1 10.21 . Proposition 1 10.31 and Theorem II 0.41 QiPk) and Q{Pk') are 
A £^ -equivalent if and only if A: = k' . Therefore, there is at least 2"'^^^ different types of the A„-types of the gauge 

groups of principal 5L'^(2)-bundles over 5^* for n > {p - l)/2. n 

Remark 6. Similarly, from Theorem \10.5\ since each two of autfo,(p), ^'^^P\.\p] cind autf^jpi are not fibrewise 
Ap^i-equivalent, we have a sharper result: the number of the A„-types of the gauge groups of principal SU(2)- 
bundles over S^ is larger than 2''(2«+i)-<«+i)3''<«+i). 

Frotn the prime number theorem, the number of A„-types of the gauge groups of principal SU(2)-bundles over 
S'^ has at least the growth o/2(2«+i)/i°g(2«+i). 

This corollary gives an alternative proof of Proposition \9.2\ for X = S'^, but does not give the complete classifi- 
cation of the Aoo-types of the gauge groups. 
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